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Multitransformable Leaf-Out
Origami With Bistable Behavior
We study the kinematics of leaf-out origami and explore its potential usage as multitransformable structures without the necessity of deforming the origami’s facets or modifying
its crease patterns. Specifically, by changing folding/unfolding schemes, we obtain various geometrical configurations of the leaf-out origami based on the same structure. We
model the folding/unfolding motions of the leaf-out origami by introducing linear torsion
springs along the crease lines, and we calculate the potential energy during the shape
transformation. As a result, we find that the leaf-out structure exhibits distinctive values
of potential energy depending on its folded stage, and it can take multiple paths of potential energy during the transformation process. We also observe that the leaf-out structure
can show bistability, enabling negative stiffness and snap-through mechanisms. These
unique features can be exploited to use the leaf-out origami for engineering applications,
such as space structures and architectures. [DOI: 10.1115/1.4031809]

Introduction

Origami is an art of paper folding, but it is not uncommon to
witness origami crease patterns from nature. A well-known example is the Miura-ori origami pattern observed in tree leaves [1–3].
Interestingly, the Miura-ori is known as a rigid foldable origami,
in which each surface does not bend or warp during folding/
unfolding motions and deformation takes place only along the
crease lines. From a kinematic standpoint, this is of tremendous
advantage, since the Miura-ori does not need to dispense energy
to elastic deformation of its facets ideally, thereby minimizing the
effort required to deploy or fold the entire structure.
By utilizing the Miura-ori leaf pattern as a building block, previous researchers explored the possibility of designing and fabricating leaf-like origami structures. Such biomimetic leaf patterns
can be categorized into two: leaf-in and leaf-out, depending on
whether the crease line angles are directed inward or outward
[2,4] (Fig. 1). While the leaf-in patterns have been extensively
investigated, the leaf-out architecture has been relatively unexplored. De Focatiis and Guest studied folding patterns of the leafout origami in comparison to the leaf-in origami [2]. Interestingly,
the leaf-out origami exhibits a rigid foldable characteristic, such
that its unfolding and folding motion does not rely on the elasticity of the materials. In contrast, the leaf-in structure—a counterpart of the leaf-out origami—suffers from elastic deformation of
facets during folding/unfolding motions [2,4]. This is because the
crease lines of the leaf-in pattern meet the boundary of unit cell
patterns (see Fig. 1(b)), resulting in additional constraints and
thereby interfering with the rigid origami condition.
Inspired by biomimetic and other esthetic origami patterns,
researchers have sought after the opportunities to use origami for
engineering applications, e.g., deployable space and biological
structures [5]. These engineering systems exploit unique advantages of origami, such as lightweight, deployability, and tunability
[6–11]. Among these mechanical features is versatile stability,
which makes origami an attractive medium from quasi-static and
dynamic perspectives. For example, Hanna et al. examined
numerically and analytically the bistable behavior of the waterbomb base with a single vertex [12]. They also conducted experiments to validate its unique force–deflection relationship.
Waitukaitis et al. studied the degree-four vertex, which is
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composed of four rigid panels, showing multistability of origami
[13]. Such multistability of origami structures enables us to design
reconfigurable mechanical systems, which can vary structural
properties such as stiffness. In a similar vein, programmable
sheets were also developed based on origami, so that they can
transform into different shapes by programming fold/unfold
sequences [14].
In this paper, we investigate the bistability of the leaf-out origami
and analytically demonstrate that they can exhibit multiple geometrical configurations without modifying crease patterns. While previous studies focused on a square assembly of the leaf-out pattern
(i.e., the total number of unit cells ncell ¼ 4), we show in this study
that we can create a family of leaf-out structures by employing different numbers of unit cells. Figure 2 shows the examples of
ncell ¼ 3, 4, and 5. This study will address the kinematics of such a
family of leaf-out origami, defining their geometrical parameters
and characterizing their unique folding/unfolding motions.
To show the multitransformable nature of the leaf-out origami, we
explore two different deployment schemes: uniform and symmetric
deployments. We then investigate the bistability of the leaf-out origami by analyzing the deployment schemes in terms of potential
energy. Specifically, we model the folding/unfolding motions of the
leaf-out origami by introducing linear torsion springs along the
crease lines, and we calculate the potential energy during the shape
transformation. As a result, we find that the leaf-out structure exhibits
distinctive values of potential energy depending on its folded stage.
Using two different folding schemes, we show that the leaf-out origami can take different paths of potential energy during the transformation process. We also observe that the leaf-out structure can show
bistability for certain folding schemes. This enables negative stiffness
and snap-through mechanisms, which can be exploited for impact

Fig. 1 Leaflike origami pattern composed of four unit cells
(shaded): (a) leaf-out pattern and (b) leaf-in pattern
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Fig. 2 Unfolding motion of leaf-out origami which consists of (a) three unit cells (ncell 5 3), (b) four unit cells (ncell 5 4), and (c)
five unit cells (ncell 5 5)

mitigation purposes. Since the multiple configuration and bistable
characteristics of the leaf-out origami do not require modifications of
geometric parameters during deployment, there is a great potential of
constructing stiff and transformable structures via origami, which
can be useful for designing novel space structures and architectures.

2

Modeling

We first examine the geometry of the leaf-out origami.
Figure 3(a) shows the flat sheet of the leaf-out origami with crease
patterns. The structure is composed of the Miura-ori unit cell
shown as a shaded area in the figure. This unit cell is characterized
by a central angle (a), length of the diagonal line (L), and number
of the layer (N) as shown in Fig. 3(a). We define three different
types of crease lines: crease line along diagonal lines (main
creases), crease lines intersecting the main crease lines with angle
a (subcreases), and crease lines between adjacent unit cells
(boundary creases). The unit cell is repeated throughout the entire
leaf-out origami such that the diagonal lines of each unit cell meet
at the center point O.

Figure 3(b) shows a configuration during folding/unfolding. To
characterize the folding/unfolding motion of the structure, we
introduce a global coordinate (i1 ; i2 ; i3 ) and local coordinate
(e1 ; e2 ; e3 ) where ii ; ei 2 R31 (i ¼ 1, 2, and 3) are base vectors of
the global and local coordinates, respectively. Here, the local
coordinate is defined in each unit cell such that the direction of e2
-axis is aligned with OA as shown in Fig. 3(b). The local e1 -axis
coincides with the global i1 -axis. We express a rotational (i.e.,
folding) motion of the unit cell around the e1 -axis by using the
Euler angle (w) as follows:
2
3
0
0

 1
(1)
½ e1 e2 e3  ¼ i1 i2 i3 4 0 cos w sin w 5
0 sin w cos w
In addition to the Euler angle, we define folding angles hM
and hS as angles along the main crease and subcrease lines, respectively (see Fig. 3(c), note that hS is a half angle between two adjacent edge lines.). Since the unit cells follow the Miura-ori pattern,
the two folding angles hM and hS are related as follows [15]:

Fig. 3 Geometry of leaf-out origami which consists of four unit cells (n 5 4). (a) Flat configuration is folded into (b). Dark
area is a unit cell. Global (i1 ; i2 ; i3 ) and local (e1 ; e2 ; e3 ) coordinates are used to define w. (c) Single unit cell where folding
angles (hM and hS) are defined.
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tan

hG
¼ tan a cos hM
2

(2)

sin

hG
¼ sin a cos hS
2

(3)

where hG is an angle between e2 and a vector pointing from A to
D. This confirms that the folding/unfolding mechanism of each
unit cell obeys a single degree-of-freedom motion.
2.1 Uniform Deployment. Based on the modeling of the
leaf-out origami, we consider two types of the folding/unfolding
sequences: uniform and symmetric deployments. A simple way to
unfold/fold the leaf-out origami is to deploy every unit cell identically as shown in Fig. 2, defined as a uniform deployment in this
study. This uniform deployment consists of two stages: unfolding
and folding stages. The leaf-out origami is initially folded (see far
left inset figures in Fig. 2), and the structure transforms into the
flat configuration, followed by folding the flat shape into another
folded state (see far right in Fig. 2).
In order to achieve the uniform deployment motion, the posture
of each unit cell represented by hM should be coupled with the
Euler angle w. For this, let b be a unit vector pointing from O to
point B in Fig. 3. We can describe b as
2
3
sin a sin hM
6
7
cos a 5
b ¼ ½ e1 e2 e3  4
sin a cos hM
2
3
(4)
sin a sin hM
6
7
¼ ½ i1 i2 i3 4 cos a cos w  sin a cos hM sin w 5
cos h sin w þ sin a cos hM cos w
Here, we used Eq. (1) to convert the local coordinate to the global
one. To be consistent with the uniform folding condition, the projected component of this vector b onto i1 i2 -plane is required to
maintain the central angle a during unfolding (a ¼ 45 deg in the
case of the square leaf-out origami as shown in Fig. 3). Therefore,
the folding angles need to meet the following condition:
sin a sin hM
tan a ¼
cos a cos w  sin a cos hM sin w

simplicity, however, we consider the symmetric deployment of
the square (i.e., ncell ¼ 4) leaf-out origami in this paper. Figure 4
shows the motion of the square leaf-out origami in a symmetric
unfolding/folding sequence. The four unit cells are denoted in the
middle panel of Fig. 4 starting from the dark gray area in a counterclockwise direction. The specific sequence of the deployment
in Fig. 4 consists of three stages, and we characterize the folded
ðjÞ
posture and the angular position of each unit cell by means of hM
(j)
and w , respectively, where the superscript indicates the unit cell
index (j ¼ 1–4). The details of these parameters are described
below for each stage:
Stage 1: Deploying the Second and Fourth Unit Cells. As the
first stage, we unfold the second and fourth unit cells, while the
first and third ones remain closed. The folding angles of the unit
cells are expressed by
ð1;3Þ

¼0

ð2;4Þ

¼ sin1

hM
hM

cos a cos wð1;3Þ
 sin wð1;3Þ
sin a

ð2;4Þ

cos a cos wð2;4Þ  sin a cos hM

(6)

sin wð2;4Þ ¼ 0

(7)

based on the fact that the i2 component of the b is 0 from Eq. (4).
Stage 2: Deploying the First and Third Unit Cells. Next, maintaining the flat shape of the second and fourth unit cells, we unfold
the first and third unit cells. The main folding angles of the unit
cells are calculated as
ð2;4Þ

hM

¼ p=2

ð1;3Þ
hM

¼ p=2  wð2;4Þ

(8)

In this stage, w(1,3) is 0 and w(2,4) changes from p/2 to 0.
Stage 3: Folding the First and Third Unit Cells. Finally, we
fold the first and third unit cells further past the flat-out position,
while maintaining the flat shape of the second and fourth unit
cells
ð2;4Þ

hM
2.2 Symmetric Deployment. Now, we consider versatile,
multitransformable geometrical configurations of the leaf-out origami by breaking the uniform deployment constraint and allowing
each unit cell to fold/unfold independently. For the sake of



We derive the second equation of Eq. (6) by imposing that the i2
coordinate of the point B in the first unit cell is equated to the i1
coordinate of the point B in the second unit cell during this symmetric deployment process. In this stage, w(1,3) changes from
p/2  a to 0, where a ¼ 45 deg in the case of the square leaf-out
configuration. As for the angular position of the second and fourth
unit cells, we can calculate w(2,4) from

(5)

where the numerator and the denominator are i1 and i2 components of the vector b in Eq. (4). This implies that the motion of
this leaf-out origami under uniform deployment is governed solely
by the Euler angle w, denoting a single degree-of-freedom behavior of the leaf-out origami.



¼ p=2

(9)

(2,4)

In this stage, w
changes from 0 to p/2. Since the first and
second unit cells are connected to each other along the boundary
ð1;3Þ
crease line, we calculate hM and w(1,3) by solving

Fig. 4 Symmetric deployment of the square leaf-out origami (ncell 5 4) case
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bð2;4Þ ¼ cð1;3Þ

(10)

where c denotes a vector pointing from O to C (i.e., OC), which
can be obtained in a way similar to the expression b (Eq. (4))
2
3
sin a sin hM
6
7
c ¼ ½ e1 e 2 e 3  4
cos a
5
2

¼ ½ i1

i2

sin a cos hM

3
sin a sin hM
6
7
i3 4 cos a cos w  sin a cos hM sin w 5
cos h sin w þ sin a cos hM cos w

(11)

Note that the geometrical shapes of the leaf-out origami at the
end of stages 1–3 are all different. We can obtain different configurations of the leaf-out origami by altering unfold/fold schemes as
shown in Fig. 4. While this example shows a simple case of the
symmetric deployment, there are a number of other transformable
geometries achievable by executing different folding/unfolding
schemes. Figure 5 shows such examples based on the square leafout origami pattern. In the configuration (f), the leaf-out pattern
looks like the case ncell ¼ 3. The main feature of the leaf-out origami is that the structure transforms into multiple configurations,
and the geometry in Fig. 5(f) is a good example to show that we
can obtain a shape which is similar to the three unit cell case even
though the square leaf-out origami is used. We expect to see more
versatile transformations for the higher order leaf-out origami
(i.e., a larger ncell). Again, it should be highlighted that we can
achieve multiple configurations of the leaf-out origami without
the necessity of modifying the geometry of the structure (e.g.,
changing the crease patterns) or applying elastic deformation of
origami facets. To the further extent, Sec. 3 will address various
levels of achievable potential energy and the corresponding bistability associated with this multitransformable leaf-out origami.

3

Energy Analysis

In this section, we first examine and characterize the unfolding/
folding motion of the leaf-out origami in terms of energy. We
then calculate the energy profiles under various unit cell numbers
(ncell ¼ 3, 4, and 5). Finally, we compare energy profiles between

uniform and symmetric deployment schemes for the square leafout (i.e., ncell ¼ 4) case.
In order to quantify the amount of potential energy required to
fold/unfold the leaf-out origami, we hypothesize that the folding
rigidity of the origami facets adjoined along a crease line is governed by a linear torsional spring, whose spring constant is kh. For
the sake of simplicity, we assume that all crease lines exhibit identical torsional stiffness. Based on this assumption, the bending
moments created by the torsional spring are expressed as follows:
MM ¼ 2kh ðhM  hM;0 Þ
MS ¼ 2kh ðhS  hS;0 Þ
MB ¼ 2kh ðhB  hB;0 Þ

(12)

where MM, MS, and MB are bending moments with respect to the
main, sub, and boundary crease lines, respectively. Likewise, hM,
hS, and hB are the folding angles along the main, sub, and boundary crease lines as shown in Figs. 3(b) and 3(c). The subscript 0
denotes an initial folding stage, where the potential energy is zero.
In this study, we choose a completely folded posture as this initial
state (see the far left states in Fig. 2). Note that we need to multiply a factor of 2 for the calculation of the bending moments due to
the corresponding definition of the folding angles that cover a half
of the torsional angles (Fig. 3).
Based on the moment expression, we can calculate the potential
energy as
E ¼ nM

ð hM
hM;0

MM dhM þ nS

ð hS

MS dhS þ nB

ð hB

hS;0

MB dhB

(13)

hB;0

where nM(¼N  ncell), nS(¼(2N  2)  ncell), and nB(¼ ncell) are
the total number of the main, sub, and boundary crease lines,
respectively. Since the calculation of the potential energy depends
on the material property, i.e., spring constant, we use a normalized
value of the energy expressed as E/kh, such that this value is determined only by the folded geometry of the structure (i.e., w in this
study).
Figure 6 shows the numerical calculation results under the uniform deployment scheme consisting of unfolding and folding
stages as discussed in Sec. 2.1. The plots in the left panel show
the folding angle variations (hM, hS, and hB), while those in the

Fig. 5 Multiple configurations of the leaf-out pattern with ncell 5 4. The crease pattern of the
flat state is shown in (a), and it can be folded into (b)–(f).
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Fig. 6 (Left) Folding angle change and (right) energy change of the leaf-out pattern with (top) ncell 5 3,
(middle) ncell 5 4, and (bottom) ncell 5 5

right panel depict the potential energy change. In these calculations, we consider three leaf-out configurations, ncell ¼ 3, 4, and 5
(top, middle, and bottom rows in Fig. 6, respectively), and for all
cases, we use N ¼ 3.
During the unfolding motion, the Euler angle (w) changes from
p/2  a to 0, whereas during the folding stage, it changes from 0
to p/2. In Fig. 6, we use a quantity of “folding stage” as the horizontal axis, such that the folding stages of 0% and 100% indicate
the initial and final folded stage, respectively, and that of 50%
implies the flat configuration. The corresponding values of w are
also shown as the upper horizontal axis in Fig. 6 in an adjusted
scale. Note that the rate of decrease of w is different in the figures
during the unfolding and folding stages.
In the case of ncell ¼ 3, the folding angles take the maximum
value at the folding stage of 50% (flat state) as shown in Fig. 6(a).
Therefore, the maximum peak of potential energy appears at 50%
folding stage as shown in Fig. 6(b). This means that there are two
bistable states crossing the unstable flat configurations. The cases
of ncell ¼ 4 and ncell ¼ 5 also show the maximum peak of the folding angle and potential energy in the flat state as shown in the middle and bottom rows in Fig. 6. As for the calculated amount of the
normalized energy in each case, the maximum value increases as
the number of unit cell (ncell) increases, because the total number of
crease lines also increases accordingly. It should be noted that the
Journal of Mechanisms and Robotics

bistability of the leaf-out origami has not reported yet, while a similar trend of the bistable nature has been observed in a waterbomb
structure [12] and in other simple origami structures [13].
Now, we consider the evolution of potential energy under the
symmetric deployment scheme. Figure 7 shows the folding angle
and normalized energy change for the symmetric deployment case
considered in Sec. 2.2. In the first stage, we deploy only the second and fourth unit cells; therefore, the folding angles of the first
ð1;3Þ
ð1;3Þ
and third unit cells (hM and hS ) remain zero as shown in
Fig. 7(a). On the other hand, those of the second and fourth unit
ð2;4Þ
ð2;4Þ
cells (hM and hS ) increase gradually toward a constant value
of 90 deg (corresponding to the complete flat posture of the second
and fourth unit cells). In the second stage, the first and third unit
ð1;3Þ
cells start to be unfolded, resulting in the increase of hM and
ð1;3Þ
hS
from 0 deg to 90 deg. In the end of the second stage (flat
state), all folding angles take their maximum value; thus, the
potential energy is also maximum at this folding state (see
Fig. 7(b)). It is worthwhile to compare this energy profile with the
case from the uniform deployment (see Fig. 6). Although the uniform deployment also achieves the maximum normalized energy
in the flat configuration, the trajectory of the energy transition
from the initial state to the flat state is different. Therefore, by
controlling unfold/fold sequences, we can manipulate the path of
JUNE 2016, Vol. 8 / 031013-5
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Fig. 7 (a) Folding angle change and (b) normalized energy change of the four unit cell case (ncell 5 4). Unfolding/folding
sequence is shown in Fig. 4.

the energy transition, as well as the geometrical configurations of
the leaf-out origami in the process, without modifying any geometrical parameters.
After the flat-out state, we move to stage 3, where the first and
third unit cells are unfolded with w changing from 0 to p/2.
ð2;4Þ
Since the second and fourth cells remain flat, we observe hM
ð2;4Þ
ð1;3Þ
and hS
undisturbed during this process. However, hM and
ð1;3Þ
hS
show a gradually diminishing trend until they reach zero
angles (i.e., returning to the folded state). The energy plot is
shown in Fig. 7(b). Interestingly, we observe that there exists a
local minimum point in this third stage (see the inset of Fig. 7(b)),
which is not observed in the folding stage of the previous steps or
in the uniform deployment scheme. This implies that we can realize a snap-through mechanism (and the corresponding negative
stiffness behavior) even during a single-stage transformation using
this symmetric folding scheme, which can be highly useful in
observing impact energy for engineering applications.

4

Conclusions

We examine the leaf-out origami structure with a focus on its
multitransformable unfolding/folding motions and the versatile
transition of its potential energy. We consider two different
deployment approaches, uniform and symmetric deployments,
and demonstrate that the leaf-out origami transforms into multiple
configurations depending on the unfold/fold schemes without
modifying its crease patterns. We also model the leaf-out origami
by using linear torsion springs along the crease lines of the leafout origami. As a result, the numerical analysis shows that the
potential energy of the leaf-out origami can take different paths of
potential energy transition between two folding stages depending
on the folding/unfolding schemes. Notably, we also witness a
bistable behavior of the structure.
Since the leaf-out origami is a rigid foldable structure, it is possible to use rigid panels and hinges to fabricate the structure, enabling the design of stiff yet multitransformable structures. In
addition, the leaf-out structure investigated in this study is based
on the Miura-ori cell with a single degree-of-freedom. This
implies that the number of variables required to control the entire
structure (i.e., w) is less than the total number of crease lines;
therefore, the leaf-out origami pattern can be advantageous over
other foldable structures in terms of controlling the structures with
small number of actuators as well as rigid foldability.
In this study, we investigate three different configurations of
the leaf-out structures (the number of unit cells ncell ¼ 3, 4, and 5).
However, there is a potential to develop a transformable structure
with more versatility if we employ a higher number of unit cells
and the rigid foldability of each design. These unique characteristics of the leaf-out origami lead to its potential applications in
space structures and architectures.
031013-6 / Vol. 8, JUNE 2016
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Nomenclature
E¼
e1 ; e 2 ; e 3 ¼
i1 ; i2 ; i3 ¼
kh ¼
L¼
MM, MS, MB ¼
N¼
ncell ¼
a¼
hM, hS, hB ¼
w¼
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